ロンリ シュウゴウ ジッスウ ブツリ ソクテイ リョウシ シュウゴウロン ト リョウシ リキガク ノ カンソク モンダイ ヒカカン カイセキ ト ミクロ マクロ ソウツイセイ by 小澤, 正直
Title論理・集合・実数・物理・測定 : 量子集合論と量子力学の観測問題 (非可換解析とミクロ・マクロ双対性)
Author(s)小澤, 正直


































$*$ Logic. sets, real numbers, physics, and measurements
\dagger Masanao Ozawa, Graduate School of Information Science, Nagoya University
1658 2009 228-256 228





























, . , ,
, ,
2. , Dedekind ,
, Dedekind
1 (i) , , , (ii) Dedekind .
2 , Dedekind ,
, ([13] ).
229
, , , . ,
, , .
, , , . ,
. $0$ , , , $n+1$ , $0$
$n$ . , $n+1=n\cup\{n\}$ , 1
. , .









. , 2 ,
,
. , , ,
. , Birkhoff von Neumann $[$2$]$
. , 2 , .
2 2 , ,
Hilbert .
,
. , Cohen $[$3$]$
. , ,
, . 1 ,
, BOOle $[$ 1 $]$
, 3, 4 , $[$25$]$ .
, Boole Hilbert ,




, . $[$23$]$ ,
3 , : ( , , 1978 ).























, $Q$ $p\in \mathcal{Q}$
$P^{\perp}\in \mathcal{Q}$ , $[$7$]$ :
$($ i $)$ $P\leq Q$ $Q^{\perp}\leq P^{\perp}$ ,
$($ ii $)$ $P^{\perp\perp}=P$ ,
$($ iii $)$ $P\vee P^{\perp}=1h^{1}$ $P\wedge P^{\perp}=0$ ,
$($ iv$)P\leq Q$ $P\vee(P^{\perp}\wedge Q)=Q$ .
, $0,1$ , $Q$ . $($ ii $)$ 2 , $($ iii $)$
. $($ iv $)$ .
( ,
) . , 2 , ,
. , 2 ,
2 , 2 , , . , ,
.
(v) $P\wedge(Q\vee R)=(P\wedge Q)\vee(P\wedge R)$ , $P\vee(Q\wedge R)=(P\vee Q)\wedge(P\vee R)$ .
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, $\mathcal{Q}=\{0,1\}$ . $P\vee(P^{\perp}\wedge Q)=Q$
, $P,$ $Q$ , $P$ $Q$ . ,
$P$ $Q$ , $P$ $Q$ .
$\mathcal{A}^{!}$ $A\subseteq \mathcal{Q}(\mathcal{H})$ $[$7, p. 23$]$ . ,
$\mathcal{A}^{!}=\{P\in \mathcal{Q}(\mathcal{H})|$ $Q\in \mathcal{A}$ $P_{o}^{1}Q\}$ .
, $\mathcal{A}^{!}$ $\mathcal{Q}$ .
2 $\mathcal{B}$ , Boole ,
. , $\mathcal{B}$ Boole . $\mathcal{H}$ Hilbert ,
, $\mathcal{Q}(\mathcal{H})$ .





. , $\mathcal{P}_{\omega}$ . ,
.
$\underline{\vee}(\mathcal{A})=\{E\in \mathcal{A}^{!}|$ $P_{1},$ $P_{2}\in \mathcal{A}$
$P_{1}\wedge E_{o}^{1}P_{2}\wedge E\}$ .
$[$25$]$ , $Q=\mathcal{Q}(\mathcal{H})$ , .
( ) , $\rho$ ,
$P$ , $\rho(P)$ .
22
, $arrow$ , $Parrow Q=(\neg P)\vee Q$
. , . Hardegree [6] ,
. , $P,$ $Q$ $\mathcal{Q}$ .
$($E $)$ $Parrow Q=1$ $P\leq Q$ .
(MP) $P\wedge(Parrow Q)\leq Q$ .
(MT) $Q^{\perp}\wedge(Parrow Q)\leq P^{\perp}$ .
(LB) $P_{0}^{1}Q$ $Parrow Q=P^{\perp}\vee Q$ .
Kotas [10] , $Parrow Q$
, 3 .
(i) $Parrow 1Q=P^{\perp}\vee(P\wedge Q)$ .
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(ii) $Parrow 2Q=(P\vee Q)^{\perp}\vee Q$ .
(iii) $Parrow 3Q=(P\wedge Q)\vee(p\perp\wedge Q)\vee(p\perp\wedge Q^{\perp})$ .
, .
, $($ i $)$ ,
$[$26$]$ . ,
$[u\in vI$ $[u=vI$ , ,
$[$25$]$ $[$23$]$ , .
, . $\mathcal{Q}$ 2
$arrow$ , , $[$ 11 $]$ .
$($ i $)$ $Parrow Q\in\{P,$ $Q\}^{!!}$ .
$($ ii $)$ $P,$ $Q4E$ $(Parrow Q)\wedge E=[(P\wedge E)arrow(Q\wedge E)]\wedge E$ .
$($ iii $)$ $arrow$ $($LB $)$ .
, $arrow$ , . , $\mathcal{Q}$ 2
$rightarrow$ , $Prightarrow Q=(Parrow Q)\wedge(Qarrow P)$ .
2.3
$\mathcal{H}$ Hilbert . $S\subseteq \mathcal{H}$ $S^{\perp}$ . $\mathcal{H}$
$C(\mathcal{H})$ $M\subseteq N$ , ,
$M\wedge N=M\cap N,$ $M\vee N=(\Lambda/I\cup N)^{\perp\perp},$ $\wedge S=\cap S,$ $S=(\cup S)^{\perp\perp}$
. , $M\mapsto M^{\perp}$ , $C(\mathcal{H})$
[7, p. 65].
$B(\mathcal{H})$ $\mathcal{H}$ , $Q(\mathcal{H})$ $\mathcal{H}$ .
$\mathcal{R}(A)\in C(\mathcal{H})$ $A\in \mathcal{B}(\mathcal{H})$ , $\mathcal{P}(M)\in \mathcal{Q}(\mathcal{H})$ $M\in C(\mathcal{H})$
. , $\mathcal{R}\mathcal{P}(M)=\Lambda^{J}/I$ $\mathcal{P}\mathcal{R}(P)=P$ .
, $\mathcal{Q}(\mathcal{H})$ $C(\mathcal{H})$ .
$P=(P\wedge Q)\vee(P\wedge Q^{\perp})$ , $PQ-QP=0$
. $\mathcal{A}’$ $\mathcal{A}\subseteq \mathcal{B}(\mathcal{H})$ (commutant) . $\mathcal{B}(\mathcal{H})$
$\mathcal{M}’’=\mathcal{M}$ von Neumann .
$\mathcal{P}(\mathcal{M})$ von Neumann $\mathcal{M}$ .
$\mathcal{H}$ , $\mathcal{Q}(\mathcal{H})$ $\mathcal{Q}$ $\mathcal{Q}=\mathcal{Q}^{!!}$ .
, $\mathcal{H}$ $Q(\mathcal{H})$ .
$\mathcal{A}\subseteq Q(\mathcal{H})$ , $A^{!!}$ $\mathcal{A}$ $\mathcal{H}$ $\mathcal{A}$
. $Q\subseteq \mathcal{Q}(\mathcal{H})$ $\mathcal{H}$ , $\mathcal{H}$ von
Neumann .
$Q$ $\mathcal{H}$ . $\mathcal{A}\subseteq \mathcal{Q}$ $(\mathcal{A})$ ,
$([A, B]= AB – BA)$ , $[$23$]$ .
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$\mathcal{A}\subseteq \mathcal{Q}$ ,
$\underline{\vee}(\mathcal{A})=\mathcal{P}\{\psi\in \mathcal{H}|$ $A,$ $B\in \mathcal{A}’’$ $[A,$ $B]\psi=0\}$ (1)
.
3
$V$ ZFC . $\mathcal{L}(\in)$ , 2
$\in$ , , $\forall x\in y,$ $x\in y$ , .
$U$ , $\mathcal{L}(\in,$ $U)$ $U$ $\mathcal{L}(\in)$ .
3.1
$\mathcal{Q}$ ,
. $\alpha$ , $1_{\alpha}^{r(Q)}/$ .




. , On .
$V^{(Q)}$ ( ) $\phi\in \mathcal{L}(\in,$ $V^{(Q)})$ $\mathcal{Q}$- $[\phi J$
.
1. $\mathbb{I}u=vJ=\bigwedge_{u’\in \mathcal{D}(u)}(u(u’)arrow[u’\in vI)\wedge\bigwedge_{v’\in \mathcal{D}(v)}(v(v’)arrow\ovalbox{\tt\small REJECT} v’\in uQ)$.
2. $[u\in vI=_{v’\in \mathcal{D}(v)}(v(v’)\wedge[u=v’J)$ .





8. $\beta(\forall x\in u)\phi(x)J=\bigwedge_{u’\in \mathcal{D}(u)}(u(u’)arrow[\phi(\cdot u’)I)$ .
9. $[($ $x\in u)\phi(x)J=_{u’\in \mathcal{D}(u)}(u(u’)\wedge[\phi(u’)J)$ .
10. $[( \forall x)\phi(x)J=\bigwedge_{u\in\nu(Q)}[\phi(u)J$ .
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11. $I($ $x)\phi(x)I=_{u\in V(Q)}[\phi(u)I\cdot$
$\phi$ $V^{(Q)}$ , $[\phi J=1$ , $V^{(Q)}\models\phi$ .
$v\in V$ , $V^{(\Omega)}$ $\mathcal{Q}$- $’\check{\iota}$) $\check{t}^{1}=\{\dot{u}|u\in v\}\cross\{1\}$
. ZFC $V$ , : $v\mapsto’\check{\iota f}$ $V^{(Q)}$
. $[$23$]$ .
1 $(\Delta$0- $)$ $\mathcal{L}(\in)$ $\Delta$0- $\phi(x_{1},$ $\ldots,$ $x_{n})$ $u_{1},$ $\ldots,$ $u_{n}\in V$
, $\langle|/^{7},$ $\in\rangle\models\phi(u_{1},$
$\ldots,$
$\cdot u_{n})$ $V^{(Q)}\models\phi(\check{u}_{1},$ $\ldots,\check{u}_{n})$ .
3.2
$V^{(Q)}$ $S$
( $S$ ) $=\underline{\vee}(L(S))$ ,
. , $L(S)=\cup\{L(a)|a\in S\}$ , $L(a)$
.
$L(a)=$ $\cup$ $L(x)\cup\{a(x)|x\in \mathcal{D}(a)\}$
$x\in \mathcal{D}(a)$
n- $($ xO, . . . , $x_{n})$




2 $u,$ $u’,$ $v,$ $v’,$ $w\in V^{(Q)}$ , .
$($i$)$ $[u=uI=1$ .
$($ii$)$ $\ovalbox{\tt\small REJECT} u=vJ=[v=uI\cdot$
$($iii$)$ $\underline{\vee}(u,$ $v,$ $u’)\wedge[u=u’I\wedge[u\in vJ\leq[u’\in vI\cdot$
$($iv$)$ $\underline{\vee}(u,$ $v,$ $u’)\wedge[u\in vI\wedge[v=v’J\leq[u\in v’I\cdot$
$()\underline{\vee}(u,$ $v,$ $w)\wedge[u=vJ\wedge[v=wJ\leq[u=cuJ$ .






3 $(\triangle_{0}$ ZFC $)$ $\mathcal{L}(\in)$ $\triangle_{0}$ - $\phi(x_{1},$ $\ldots,$ $x_{n})$ $u_{1},$ $\ldots,$ $u_{n}\in V^{(Q)}$
, ZFC $\vdash\phi(x_{1},$ $\ldots,$ $x_{n})$ (ZFC ) ,
$V^{(Q)}\models\underline{\vee}(u_{1}, \ldots, u_{n})arrow\phi(u_{1}, \ldots, u_{n})$
.
.
$\vec{x}=(x_{1}, \ldots, x_{n}),\vec{y}=(y_{1}, \ldots, y_{m})$ .
$\forall\vec{x}\phi(\vec{x},\vec{y})=\forall x_{1},$ $\ldots,\forall x_{n}\phi(x_{1}, \ldots, x_{n}, y_{1}, \ldots, y_{m})$ .
$\vec{x}\phi(\vec{x},\vec{y})=\exists x_{1},$
$\ldots,$
$x_{n}\phi(x_{1}, \ldots, x_{n}, y_{1}, \ldots, y_{m})$ .
$\forall x$ : $\underline{\vee}(x, x_{1}, \ldots, x_{n})\phi(x, x_{1}, \ldots, x_{n})=\forall x\underline{\vee}(x, x_{1}, \ldots, x_{n})arrow\phi(x, x_{1}, \ldots, x_{n})$ .
$x$ : $\underline{\vee}(x,$ $x_{1},$ $\ldots,$ $x_{n})\phi(x,$ $x_{1},$ $\ldots,$ $x_{n})=\exists x\underline{\vee}(x, x_{1}, \ldots, x_{n})\wedge\phi(x, x_{1}, \ldots, x_{n})$ .
, $[$ 11 $]$ .
4 $($ZFC $)$ $\mathcal{L}(\in)$ $\triangle_{0}$ - $\phi(\vec{x}_{1},$ $\ldots,\vec{x}_{n})$ $Q_{1},$ $\ldots$ , $Q_{n}$
,
ZFC $\vdash Q_{1}\vec{x}_{1},$ $\ldots,$ $Q_{n}\vec{x}_{n}\phi(\tilde{x}_{1}, , . . ,\vec{x}_{n})$ ,
, .
(i) $V^{(Q)}\models Q_{1}\vec{x}_{1}$ : $\underline{\vee}(\vec{x}_{1})\cdots Q_{n}\vec{x}_{n}$ : $\underline{\vee}(\vec{x}_{1}, \ldots,\vec{x}_{n})\phi(\vec{x}_{1}, \ldots,\vec{x}_{n})$ .
(ii) $V^{(Q)}\models Q_{1}\vec{x}_{1},$ $\ldots,$ $Q_{n}\vec{x}_{n}(\underline{V}(\vec{x}_{1}, \ldots,\vec{x}_{n})arrow\phi(\vec{x}_{1)}\ldots,\vec{x}_{n}))$
3.5 Boole
$\mathcal{B}$ Boole . , $arrow$ , $Parrow Q=P^{\perp}\vee Q$
. Boole , .
5 $($ZFC $)$ $\mathcal{L}(\in)$ $\phi(x_{1},$ $\ldots,$ $x_{n})$ $u_{1},$ $\ldots,$ $u_{n}\in V^{(\mathcal{B})}$
, ZFC $\vdash\phi(x_{1},$ $\ldots,$ $x_{n})$ , .
$V^{(\mathcal{B})}\models\phi(u_{1}, \ldots, u_{n})$
.
, CH $\in \mathcal{L}(\in)$ , , ZFC$+iV=L$”
, ZFC . , $V^{(\mathcal{B})}\models\neg CH$ $\mathcal{B}$
. , ZFC $[$3, 1 $]$ .
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4$Q$ $V$ . $V^{(Q)}$ , 1
, , $V^{(Q)}$ $\check{Q}$
$[$25, 23$]$ . , $V^{(Q)}$ $\check{R}$ , $\mathcal{Q}$
Boole $[$24$]$ .
, Dedekind . ,
. , $r_{x}$
$R(x)$ .
$x\subseteq O\wedge \text{ _{}y}\in\check{Q}(y\in x)\wedge$ $y\in\check{Q}(y\not\in x)$
$\wedge\forall y\in\check{Q}(y\in xrightarrow\forall z\in Q^{\vee}(y<zarrow z\in x))$ .
$V^{(Q)}$ $R^{(Q)}$ .





$r\in R$ $R^{(Q)}$ $\tilde{r}\in R^{(Q)}$ $\mathcal{D}(\tilde{r})=\mathcal{D}(\check{Q})$ , $t\in Q$
t $r(\check{t})=[\check{r}\leq\check{t}\mathbb{I}$ .
Hilbert $\mathcal{H}$ ( ) $A$ von Neumann $\mathcal{M}$
$(A\eta \mathcal{M}$ $)$ $\mathcal{M}’$ $U$ ,
$U^{*}AU=A$ .
$A$ $\mathcal{H}$ ( ) ,
$A= \int_{R}\lambda dE^{A}(\lambda)$ . $A\eta \mathcal{Q}’’$ $E^{A}(\lambda)\in \mathcal{Q}$ $\lambda\in R$
. $\overline{\mathcal{M}}_{SA}$ $\mathcal{M}$ .
Hilbert $\mathcal{H}$ von Neumann $\mathcal{Q}$ ,
, $\mathcal{H}$ . $\mathcal{H}$ $[$23$]$ .
6 $\mathcal{Q}$ $\mathcal{H}$ . $u\in R^{(Q)}$ $A\in\overline{(Q’’)}_{S4}A$
6$)$ $\lambda\in R$ $E^{A}(\lambda)=$ $\wedge$ $u(\check{r})$ ,
$\lambda<$r $\in$
$($ii$)$ $r\in Q$ $u(\check{r})=E^{A}(r)$ ,




7 $Q$ $\mathcal{H}$ . $\mathcal{H}$ $A$ , $V^{(Q)}$ $\tilde{A}$






$S$ $\Omega$ , Lebesgue (Liouville ) $m$ ,
$\Omega$ Borel $\mathcal{B}(\Omega)$ , $\mathcal{B}$ $\mathcal{B}(\Omega)$ $m$ . ,
$\mathcal{B}=\mathcal{B}(\Omega)/m^{-1}(0)$ . , { Boole . Birkhoff von Neumann $[$2$]$ $F$ ,
$\mathcal{B}$ $S$ . $\Omega$ Borel , $S$ . ,
$(a,$ $b]=\{x\in R|a<x\leq b\}$ . , $a,$ $b\in R$ $a=-\infty$ . $S$
.
$($ i $)$ $f$ $I$ , $f\in I$ .
(ii) $\phi,$ $\phi’$ , $\neg\phi,$ $\phi\wedge\phi’,$ $\phi\vee\phi’$ .
$($ iii $)$ $($ i), $($ ii) , .
$($ i $)$ , $f\in I$ $f$ $I$ , ,
. $($ ii $)$ , $\neg\phi,$ $\phi$ A $\phi’,$ $\phi v\phi’F$ , “not $\phi$”, $\phi$ and $\phi’$”, $\phi$ or $\phi’$
”
.
$\Omega$ , $\omega\in\Omega$ $\phi$ , $\omega$ $\phi$
$\omega N-\phi$ .
(i) $\omega N-f\in I\Leftrightarrow f(\omega)\in I$
$(\ddot{u})\omega\vdash-\neg\phi\Leftrightarrow\omega N-\phi$
$Aa$ .
$($ iii $)$ $\omega N-\phi$ A $\phi’\Leftrightarrow\omega N-\phi$ $\omega H-\phi’$ .
$($ iv $)$ $\omega N-\phi\vee\phi’\Leftrightarrow\omega N-\phi$ $\omega N-\phi’$ .
$\phi$ $[\phi \mathbb{I}_{0}$
$\mathbb{I}\phi J_{0}=\{\omega\in\Omega|\omega N-\phi\}/m^{-1}(0)$
$\mathcal{B}$ . $\mathcal{B}$ , $\mathcal{B}$ , ,
, $\mathcal{B}$ , $\mathcal{B}(\Omega)$ $m$






, Boole . ,
$\mathcal{H}=L^{2}(\Omega,$ $m)$ , Borel $f$ , $\mathcal{H}$ $M_{f}$ ,
$11/I_{f}$ $\mathcal{M}$ , $L^{\infty}(\Omega,$ $m)$ $\mathcal{H}$ von Neumann ,
, $\mathcal{M}$ .
, $\mathcal{B}$ . , 6 , $S$ $f$ $V^{(\mathcal{B})}$
$\tilde{f}$ 1 1 .
, $\phi$ $V^{(\mathcal{B})}$ $\tilde{\phi}$
.
(i) $f\overline{\in}I"=^{f}f\in\tilde{I}^{\backslash }$ ’
(ii) $\overline{\neg\phi}"=\neg\tilde{\phi}$”
$($ iii $)$ $\phi$ A $\phi’\prime J=\tilde{\phi}$ A $\tilde{\phi}’$”
(iv) $\phi\overline{\vee}\phi’"=^{\zeta}\tilde{\phi}\vee\tilde{\phi}^{;}$ ”





$S$ $P$ , $f_{1},$ $\ldots,$ $f_{n}$ , $I_{1},$ $\ldots,$ $I_{n}$ , $\mathcal{B}$









, von Neumann [27] (QMl, QM2, QM3 )
.
QMl. ( ) $S$ Hilbert
$\mathcal{H}$ , $S$ ( ) $\mathcal{H}$ ( 1 )
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, $S$ $\mathcal{H}$ .
$S$ ( ) $\rho$ $\rho=|\psi\rangle\langle\psi|$ $\mathcal{H}$ $\psi$ , $S$
( ) $\psi$ .
$E^{A}(\lambda)$ $A$ , $I=(a, b]$ ,
$E^{A}(I)=E^{A}(b)-E^{A}(a)$ ,
. , $E^{A}(-\infty)=0$ . ( , )
$A,$ $B$ (A $0|B$ ) , $E^{A}(\lambda)$ $E^{B}(\mu)$
.







$\mu_{\rho}^{A_{1},\ldots,A_{n}}(I_{1}\cross . .$ . $\cross I_{n})=$ $Tr$ $[E^{A_{1}}(I_{1})\cdots E^{A_{n}}(I_{n})\rho]$
, $\mu_{\rho}^{A_{1},\ldots,A_{n}}$ $R^{n}$ , $A_{1},$ $\ldots,$ $A_{n}$
$\rho$ .
QM3. ( ) $t_{0}$ $t_{0}+\tau$ $H$
$S$ $t$ $\rho(t)$ ,
$\psi(t_{0}+\tau)=U(\tau)\rho(t_{0})U(\tau)^{\dagger}$
. , $U( \tau)=\exp\frac{\tau H}{i\hslash}$ .
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$S$ $\mathcal{H}$ , $\mathcal{Q}(\mathcal{H})$ $S$
. $S$ .
(i) $A$ $I$ , $A\in I$ .
(ii) $\phi,$ $\phi’$ , $\neg\phi,$ $\phi\wedge\phi’,$ $\phi\vee\phi’$ .
(iii) (i), (ii) , .
(i) , $A\in I$ $A$ $I$ , ,
. (ii) , $\neg\phi,$ $\phi\wedge\phi’,$ $\phi\vee\phi’$ , “not $\phi$”, ‘ $\phi$ and $\phi^{\prime’}\phi$ or $\phi’$”
.
, Hilbert $\mathcal{H}$ $V^{(Q(\mathcal{H}))}$
1 1 . ,
240
, .
$\mathcal{L}(\in, V^{(Q(\mathcal{H}))})$ , $\psi$ $\phi$
$Pr\{\phi\Vert\psi\}=\Vert[\phi I\psi\Vert^{2}$ . , ,
,
5.23
$\psi\in \mathcal{H}$ $\phi$ , $\psi$ $\phi$ $\psi N-\phi$
. , $\mathcal{R}$ .
$($ i $)$ $\psi N-A\in I\Leftrightarrow\psi\in \mathcal{R}[E^{A}(I)]$ .
$($ ii $)\psi$ $\phi\Leftrightarrow\psi$ ’ $N-\phi$ $\psi’$ , $\psi\perp\psi’$ .
(iii) $\psi N-\phi_{1}\wedge\phi_{2}\Leftrightarrow\psi N-\phi_{1}$ $\psi$ IF $\phi_{2}$ .
$($ iv$)$ $\psi N-\phi_{1}\vee\phi_{2}\Leftrightarrow\psi N-\neg(\neg\phi_{1}\wedge\neg\phi_{2})$.
, , .
, $\phi$ ,
$[\phi J_{0}=\mathcal{P}(\{\psi\in \mathcal{H}|\psi\neq 0$ –$\Vert\psi\psi\Vert$ $N-\phi\})$
. , $\phi$ .
(i) $[A\in IJ_{0}=E^{A}(I)$ .
$($ ii $)$ $[\neg\phi J_{0}=[\emptyset I_{0}^{\perp}\cdot$
$($ iii $)$ $[\phi_{1}\wedge\phi_{2}I_{0}=[\phi_{1}I_{0}\wedge[\phi_{2}J_{0}$ .

















. Gleason , $\dim(\mathcal{H})>2$ 1 1 .
$S$
$\rho$ , $A_{1},$ $\ldots,$ $A_{n}$ , $I_{1},$ $\ldots,$ $I_{n}$ , $\tilde{A}_{j}$
$\tilde{A}_{j}$
$\tilde{\rho}$ ,
$Pr\{\tilde{A}_{1}\in\tilde{I}_{1}\wedge\cdots\wedge\tilde{A}_{n}\in\tilde{I}_{n}\Vert\tilde{\rho}\}$ $=$ Th $[[\tilde{A}_{1}\in\tilde{I}_{1}\wedge\cdots\wedge\tilde{A}_{n}\in\tilde{I}_{n}I\rho]$
$=$ TY $[[\tilde{A}_{1}\in\tilde{I}_{1}\mathbb{I}\wedge\cdots\wedge[\tilde{A}_{n}\in\tilde{I}_{n}J\rho]$
$=$ Tr $[E^{A_{1}}(I_{1})\wedge\cdots\wedge E^{A_{n}}(I_{n})\rho]$
. . $A_{1},$ $\ldots,$ $A_{n}$ ,






, ( ) ,






: $A=\Sigma_{m\in R}m|m\rangle\langle m|$ on $\mathcal{H}$ ,
: $M=\Sigma_{m\in R}m|m\rangle\langle m|$ on $\mathcal{K}$ ,
: $\sigma=|\xi\rangle\langle\xi|$
, .







, , . ,
, von Neumann [27] , 2
, 2 . , ,
, .










$U:|m\rangle|\xi\rangle$ $\mapsto$ $|\phi\rangle|m\rangle$ , (6)
$U:( \sum_{m}c_{m}|m\rangle)|\xi\rangle$
$\mapsto$
$| \phi\rangle\sum_{m}c_{m}|m\rangle$ . (7)
,
, , .
. $A,$ $M,$ $\psi,$ $\xi$ , $U$
, (2), (3) , ,
, , , .
, $A$ $M$
, (4) .
, (5) , (4) ,
. , $A,$ $M,$ $\xi$ , $U$ $\psi$
(4)
. , , ,
$U$ $A$ $M$ ,
.
, , ,
, , . , [15]











$\mathcal{H}\otimes \mathcal{K}$ $U,$ $\mathcal{K}$ $M$
4 $(\mathcal{K}, \sigma, U, M)$ ,





2: $(\mathcal{K}, \xi, U, Il)$ $\rho$ $A$ ?
$\rho$
$A$ $(\mathcal{K}, \xi, U, M)$
, .
1:Born , $(\mathcal{K}, \xi, U, M)$ $\rho$ $A$
, $x$ ,
$Pr\{x\in I\Vert\rho\}=Tr[E^{A}(I)\rho]$




, $\mathcal{I}$ POVM $\Pi$ ,
,










2: $(\mathcal{K}, \xi, U, \lrcorner\phi l)$
$\rho$
$A$ ,





3: $(\mathcal{K}_{7}\xi, U, M)$ $A$






3: 2 ? ?














Kolmogorov [9] . Kolmogorov ,
$(\Omega, \mathcal{F}, P)$ . $\Omega$ , $\mathcal{F}$ $\Omega$
$\sigma$ , $P$ .
, $\Omega$ $\mathcal{F}$ . $\mathcal{F}$ , $A$ $P(A)$
245
. , not $A,$ $A$ and $B,$ $A$ or $B$
$A^{c}$ ( $A$ ), $A\cap B,$ $A\cup B$ . , $f$
Borel $I$ $f\in I$ , $f^{-1}(I)=\{\omega\in\Omega|f(\omega)\in I\}$ .
, $A_{1}$ and . . . and $A_{n}$ $Pr\{A_{1}, . . . , A_{n}\Vert P\}$ .
$f_{1},$
$\ldots,$
$f_{n}$ , $R^{n}$ Borel $\mu_{P}^{f_{1},\ldots,f_{n}}$ ,




, $\Omega$ , $\mathcal{F}$ Borel ,
$P$ . , Gibbs $P$
. , , Borel , ,
.




$f(\omega)=g(\omega)$ $P$ - $a$ . $e$ . (9)
. , ,
$\mu_{P}^{fg}(\{(x,$ $y)\in R^{2}|x=y\})=1$ (10)
.





, Tr $[E\rho]$ . $F$ ,
, $A$ Borel $I$ ,
$E^{A}(I)$ . $A_{1},$ $\ldots,$ $A_{n}$ , $\rho$ ,
$A_{1},$
$\ldots$ , A$\sim$ $\mu_{\rho}^{A_{1},\ldots,A_{n}}$ , $R^{n}$ .
$\mu_{\rho}^{A_{1},\ldots,A_{n}}(I_{1}\cross\cdots, \cross I_{n})=Tr[E^{A_{1}}(I_{1})\cdots E^{A_{n}}(I_{n})\rho]$ . (11)
246
(8), (9), (10) ,
, $A,$ $B$ , ,
(10) . , $A,$ $B$ ,
$\mu_{\rho}^{A,B}(\{(x,$ $y)\in R^{2}|x=y\})=1$ (12)

















$\rho$ , $A$ $B$ (
) , $f,$ $g$
$p$ , $p(f(A)+g(B))$ $A$
$B$ 2 , , $R^{2}$
$\mu_{\rho}^{4}4,B$
$Tr[\rho(f(A)+g(B))\rho]=\int_{R^{2}}p(f(x)+g(y))d\mu_{\rho}^{A,B}(x, y)$
. , $\omega=(x, y)$ , $A$
$B$ . , $A,$ $B$
, . $\mu_{\rho}^{4_{r}B}$’ ,
$\rho$
$A$ $B$ . $\rho=|\psi\rangle\langle\psi|$ , $\mu_{\psi}^{A,B}$ .
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$A$ $B$ ,
$\mu_{\rho}^{A,B}(I\cross J)=$ Tr $[E^{A}(I)E^{B}(J)\rho]$
. ,
.
8 $A,$ $B$ $\rho$ ,
.
(i) $\rho$ $A$ $B$ .
(ii) $\lambda,$ $\lambda’\in R$ $[E^{A}(\lambda), E^{B}(\lambda’)]\rho=0$ .
(iii) Tr $[\underline{\vee}(\tilde{A},\tilde{B})\rho]=1$ .
(iv) $I,$ $J$ , $\mu(I\cross J)=Pr\{\tilde{A}\in\tilde{I}\wedge\tilde{B}\in\tilde{J}\Vert\rho\}$ $R^{2}$
$\mu$ .
(v) $A,$ $B$ von Neumann $\{E^{A}(\lambda), E^{B}(\lambda’)|\lambda, \lambda’\in R\}^{\prime J}$ $\rho$
$GNS$ .








$A,$ $B$ , $A=B$
$(A\in I_{1}rightarrow B\in I_{1})\wedge\cdots\wedge(A\in I_{n}rightarrow B\in I_{n})$
. , $I_{j}=(x_{j}-\epsilon, x_{j}+\epsilon]$ , $\{x_{1}, \ldots, x_{n}\}$
$A,$ $B$ , $\epsilon=\min_{j}^{n_{k=1}},|_{X_{i^{-Xj}}}|/2$ .
524 , $A=B$ , $\mathcal{L}(\in, V^{(Q(\mathcal{H}))})$ $A=B-$ ,
$Pr\{A=-B\Vert\psi\}=Pr\{A=B\Vert\psi\}$
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. , , , $\tilde{A}=\tilde{B}$
$[\tilde{A}=\tilde{B}\mathbb{I}$ . , $A=B-$ ,
$\tilde{A}=\overline{B}$ ,
$[\tilde{A}=\tilde{B}I=\mathcal{P}\{\psi\in \mathcal{H}|$ $r\in Q$ $E^{A}(r)\psi=E^{B}(r)\psi\}$
. , $\psi N-\tilde{A}=\tilde{B}$ , $A$ $B$ $\psi$ ,
, . ,
$A=B$ , $A$ $B$




, $A$ $I$ ,
$\tilde{A}\in\tilde{I}$ [27]. , ,
. ,
.
$A$ $B$ $\psi$ , $\psi$ $A$ $B$




$I,$ $J$ , $A$ $B$ $\psi$
. , ,
.
(i) $\mu_{\uparrow l’}^{A,B}(\{(a,$ $b)\in R^{2}|a=b\})=1$ .
(ii) $\mu_{\psi}^{A,B}(\{(a,$ $b)\in R^{2}|a\neq b\})=0$ .





[20, 22] . ,
. , $A$ $B$ $’\psi$




$u,$ $v\in R^{(Q)}$ $\mathcal{Q}$- $[u=$
[23].
9 $u,$ $v\in R^{(Q)}$ $\psi$ .
(i) $\psi N-u=v$ .
(ii) $x\in Q$ $u(\check{x})\psi=v(\check{\tau})\psi$ .
(iii) $x,$ $y\in Q$ $u(\check{x})v(\check{y})\psi=v(\check{x}\wedge\check{y})\psi$.
(iv) $x,$ $y\in Q$ $\langle u(\check{x})\psi,$ $v(\check{y})\psi\rangle=\Vert v(\check{x}\wedge\check{y})\psi\Vert^{2}$ .
$A,$ $B$ $\rho$ , ran $(\rho)$ $A$ B$\sim$
$C(A, B, \rho)$ , $A,$ $B$ $\rho$ . $C(A, \rho)=C(A, 1, \rho)$
, $A$ $\rho$ . $\psi\in \mathcal{H}$ , $\rho=|\psi\rangle\langle\psi|$ ,
$C(A, B, \psi)$ . , .
10 $\mathcal{H}$ $A,$ $B$ $\psi\in \mathcal{H}$ ,
.
(i) Tr $[[\tilde{A}=\tilde{B}J\rho]=1$ .
(ii) $r\in Q$ , $E^{A}(r)\rho=E^{B}(r)\rho$ .
(iii) $f$ , $f(A)\rho=f(B)\rho$ .
(iv) I. $J$ , Tr $[E^{A}(I)E^{B}(J)\rho]=0$ .
(v) $\rho$ $A,$ $B$ $\mu_{\rho}^{A,B}$ ,
$\mu_{\rho}^{A,B}(\{(a,$ $b)\in R^{2}|a=b\})=1$
.
(vi) $\phi\in C(A, \rho)$ $I$ ,
$\Vert E^{A}(I)\phi\Vert=\Vert E^{B}(I)\phi\Vert$
.
(vii) $C(A, \rho)=C(B, \rho)=C(A, B, \rho)$ $C(A, B, \rho)$ $A=B$ .
(v) , $A$ $B$ $\psi$ ,
, $A,$ $B$ . ,
,
.




(i) $[(\forall u\in R_{Q})u=uJ=1$ .
(ii) $[(\forall u, v\in R_{\mathcal{Q}})u=varrow v=uJ=1$ .
(iii) $[(\forall u, v, w\in R_{Q})u=v\wedge v=warrow u=wI=1$ .
(i) $[(\forall v\in R_{Q})(\forall x, y\in v)x=y\wedge x\in varrow y\in vJ=1$ .






$\mathbb{I}u_{1}=u_{2}\wedge\cdots\wedge u_{n-1}=u_{n}I\leq\underline{\vee}(u_{1}, \ldots, u_{n})$ .
.
, $V^{(\mathcal{Q})}$ , $\triangle$0 $\sim$
[23].
13 ( $\triangle_{0}$- ) $\mathcal{L}(\in)$ $\triangle$0 $\sim$ $\phi(x_{1}, \ldots, x_{n})$ ,
$I(\forall u_{1}, \ldots, u_{n}, v_{1}, \ldots, v_{n}\in R_{Q})$





, $\mathcal{K},$ $\mathcal{K}$ $\rho,$ $\mathcal{H}\otimes \mathcal{K}$
$U,$ $\mathcal{K}$ $M$ 4 $(\mathcal{K}, \sigma, U, \Lambda I)$ ,




$\mathcal{I}(\Delta)\rho=$ Tr$\kappa[U(\rho\otimes\sigma)U^{\dagger}(I\otimes E^{A}(\Delta))]$ ,
$\Pi(\triangle)$ $=\mathcal{I}^{*}(\Delta)1=TY_{\mathcal{K}}[U^{\dagger}(I\otimes E^{A}(\Delta))U(I\otimes\sigma)]$
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: $(\mathcal{K}, \sigma, U, M)$ ,
$Tr[[A\overline{\otimes}1=U\dagger(1\overline{\otimes}A/I)UI^{\rho}\otimes\sigma]=1$
, $\rho$ ( 1 ) $A$ .
10 , $\rho=|\cdot\psi\rangle\langle\psi|$ $\sigma=|\xi\rangle\langle\xi|$ ,
$\langle E^{A}(I)\psi 8.\xi,$ $U^{\dagger}(1\otimes E^{M}(J))U\psi\otimes\xi\rangle=0$
.
, [22].
14 POVM $\Pi$ $(\mathcal{K}, \sigma_{t}U, \Lambda\prime f)$ ,
.
(i) $(\mathcal{K}, \sigma_{:}U, M)$ $\rho$ $A$ .









.(v) $\rho$ $A,$ $B$
$\mu_{\rho}^{A_{y}B}$ ,
$\mu_{\rho}^{A,B}(\{(x,$ $x)\in R^{2}|x\in R\})=1$
.
(vi) $\phi\in C(A, \rho)$ $Bom$ . ,




, POVM . ,
$\rho$










, . 8 , 2
, , .
$A_{\}}B$ $\mathcal{H}$ . $A$ $B$ $\psi$
, Hilbert $\mathcal{K},$ $\mathcal{K}$ $\xi,$ $\mathcal{H}\otimes \mathcal{K}$ $U,$ $\mathcal{K}$
( ) $\Lambda^{t}I_{2}$ , Borel $f,$ $g$
, $A\otimes I$ $U^{\uparrow}(I\otimes f(M))U,$ $B\otimes I$ $U\dagger(I\otimes g(M))U$ $\psi\otimes\xi$
, ,
$\psi\otimes\xi N-(A\otimes I^{\backslash }f=(U^{\dagger}(I\otimes f(M))U)^{\vee}$ (13)
$\psi\otimes\xi N-(B\otimes I)^{\sim}=(U^{\dagger}(I\otimes g(M))U)^{\vee}$ (14)
.
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, , $\Lambda\prime I$ , $A$ $B$





. (13), (14) ,
( 2 ) $\epsilon(A),$ $\epsilon(B)$
$\epsilon(A)=\Vert(A\otimes I)\psi\otimes\xi-(U^{\dagger}(I\otimes f(\Lambda I))U)\psi\otimes\xi\Vert$ (15)
$\epsilon(B)=\Vert(B\otimes I)\psi\otimes\xi-(U^{\dagger}(I\otimes g(M))U)\psi\otimes\xi\Vert$ (16)
. (13), (14) , $\epsilon(A)=\epsilon(B)=0$ .
, [17, 14, 16, 18, 19].
$\epsilon(A)\epsilon(B)+\sigma(A)\epsilon(B)+\epsilon(A)\sigma(B)\geq\frac{1}{2}|\langle\psi,$ $[A, B]\psi\rangle|$ . (17)
, $\sigma(A),$ $\sigma(B)$ , $\sigma(A)=\Vert A\psi-\langle\psi,$ $A\psi\rangle\psi\Vert$
.
, ,
$[A, B]\psi\neq 0$ , $\langle\psi,$ $[A, B]\psi\rangle=0$ ,
. , ,
$\epsilon(A)\epsilon(B)\geq\frac{1}{2}|\langle\psi,$ $[A, B]\psi\rangle|$ . (18)
, $\langle\psi,$ $[A, B]\psi\rangle\neq 0$ , $\epsilon(A)\neq 0$
$\epsilon(B)\neq 0$ , ,
, $\langle\psi,$ $[A, B]\psi\rangle\neq 0$ , $\epsilon(A)=0$ $\epsilon(B)=0$
, $\epsilon(A)\epsilon(B)$
$[$ 17, 14, 16, $18_{1}.19,21]$ .
, ,
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